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Tensor Integrals 
(Received 13th May, 1955.) 
Introduction. 


form integration tensors will introduced here, which 
will preserve the character tensor when integrated. 


Let the components given tensor, defined the 


differential equations 


where the quantities the right are the intrinsic the 
a 
| "@ 
defines 


Definition. these differential equations have solution 


(the indices taking the values n), then will called tensor 


u“ > 
eee "9 
Properties tensor integrals. 


u 
The quantities transform components tensor and 


intrinsic derivatives must not confused with ordinary 
For detinitions see Eisenhart, op. chapter quantities used 
this paper are real. 
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Introduction. 


form integration tensors will introduced here, which 
will preserve the character tensor when integrated. 


Let the components given tensor, defined the 


differential equations 

where the quantities the right are the intrinsic derivatives* the 
"1 oes 

defines 

Definition. these differential equations have solution 


Uy «- 


(the indices taking the values n), then will called tensor 


eee “p St. 


| 


Properties tensor integrals. 


The quantities transform components tensor and 


Non-Riemannian Geometry (1927), chapter 


These intrinsic derivatives must not confused with ordinary differential 
coefficients. For definitions see Eisenhart, op. All quantities used 
this paper are real. 


| 
= 
: 
3 
} 
% 
‘ 
2 
3 
Te 
id 


146 WILLIAM FABIAN 


represent therefore tensor which has the same transformation 


coefficients the tensor 


The tensor integral exists, represents therefore the 


Uy ....u 
components tensor the same type and order the tensor 


ee . 
From theorems differential equations! can deduce im- 
mediately the following two 


THEOREM the quantities the coefficients the connection 
the space and the components tensor the co-ordinate 
system are continuous functions the which defines 
curve then tensor integral exists, representing components 


tensor which are continuous along 


THEOREM the co-ordinates x’, the the connection 


the space and the components tensor this co-ordinate 
system are analytic functions the parameter which defines curve 


along 


Types tensor integrals, 


Definition. Quantities satisfying the equations 


will said the components tensors parallel with respect 


such that any one these tensors may obtained from any other 
parallel displacement along this curve. 


eee "9 | qd 
equations 
bt 


Goursat, Mathematical Analysis, translated Hedrick, vol. (1916). 
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then, (1), the complete solution equations (2) 


Uy tl 

Pp i P 

q 1 


(a) Thus obtain the theorem 


THEOREM Under the conditions either Theorem Theorem 
all tensor integrals with respect are given 
"9 


where form particular tensor integral the given tensor with 
q 


respect and are the components tensors obtained 
q 


parallel displacement along arbitrary initial tensor. 


(b) Under the conditions Theorem define the tensor 


q 


0 


where are the components the tensor 
r q th 


u 


point and are the components tensor the same 


point obtained parallel displacement the tensor 


along from the point 


(c) The tensor integral tensor order zero the ordinary 
integral the function representing this tensor. 


Tensor integration parts. 


From the definition and properties tensor integrals (stated 
sections and follows once that tensor integration with respect 
parameter defining curve and intrinsic differentiation with respect 
this parameter are inverse operations. 
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THEOREM Let the quantities and the coefficients the 
connection the space continuous along curve defined the para- 
meter 

Let the components tensor the co-ordinate system have 
continuous intrinsic derivatives along and let the components 
another tensor this co-ordinate system continuous along 

Then 


where are the components tensor the point obtained 


parallel displacement the tensor along from the point 


Proof. Put 


have 
that is, 


ty 


t 
( ( ), ot ty ot 
The conclusion follows. 


THEOREM Let the quantities and the coefficients the 
connection the space continuous along curve defined the 
parameter 

continuous along then, for all positive integers the tensor integral 

z 

Proof. tensor order zero. Applying Theorem 

obtain 


+ ry 
i 
4 
+, 


INTEGRALS 
1 


0 


since the components (P), belong tensor obtained parallel 
displacement zero tensor and are therefore zero for all values 
the indices. 

Continuing this process tensor integration parts, obtain 
the conclusion. 


Fractional tensor integrals and intrinsic 


Now let have any real value, but the conditions Theorem 
otherwise satisfied. Then define the tensor integral, 


where the least integer greater than equal zero such that 

Since tensor integration and intrinsic differentiation not alter 
the type and order tensor, and tensor order 
zero, follows that, for any real value the tensor integral 


tensor the same type and order the tensor 


Tensor 


THEOREM Let and the coefficients the 


See paper Phil. Mug. (7), (1935), 781-789. 


These expansions correspond the Taylor series for ordinary functions. 
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tensor the co-ordinate system continuous along for all positive 
and zero integers Then, the interval convergence, 
z—t 


(m) 
are the components tensor obtained parallel 
z 


1 q 


Proof. Write for and apply the process tensor 


integration parts Theorem the tensor integral 


Since tensor order zero (so that its tensor integral its ordinary 


integral), have, Theorem 


where (P), the tensor the point obtained parallel displace- 
0 


and 


(3) 


Hence (1) have 


3 
: 
3 
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(z —t,)” 


continuing this tensor integration parts, where stands for 


(m — 1) U 1 Pp 
.. 


Hence 
n=1 1)! 


(n — 1) 


This gives the required series, which converges 


GROSVENOR AVENUE. 
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Determinantal Expansion for Class Definite Integral 


Part 
SHENTON 


(Received 15th October, 1953.) 


shall show this part the relation generalised C.F.’s 
ordinary C.F.’s, the main confining our attention Stieltjes 
type fractions. Moreover shall bring out the part played 
Parseval’s theorem our development the subject, and property 
extremal solutions the Stieltjes moment problem given 


The Stieltjes moment problem? concerns itself with 
finding bounded non-decreasing function (0, such that 


where the are real. The solution offered Stieltjes depends 
upon the characteristics the C.F. associated with the formal 


expansion 


namely 
and the corresponding C.F. (obtained contraction) 

necessary and sufficient condition for the existence 


D 


Riesz, des moments,” Arkiv for matematik, astronomi och 


See, for example, Shohat and Tamarkin, The Problem Moments 
(American Mathematical Society Surveys No. 1943). 
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ig 


154 SHENTON 


infinity solutions; these there are two called extremal solutions, 
which have the property that z)} and are ortho- 


gonal systems with respect them, where the 
convergent (2). 


The moments and the elements are related follows: 


2 


a2; = 


Stieltjes showed that when there solution the S.M.P. then 
F(z, wa,(Z) = min | | 

where and the minimum taken over all poly- 


nomials degree less than equal For our present discussion 
important write these the form 


l 2 


& 


the forms (5) and (6) showing the obvious relation Parseval’s 
theorem. Indeed from formal point view all have 
find the even part (2) down the Parseval expansion 
for 


and the Tchebicheffian orthogonal polynomials with respect 
are related those for the theorem Christoffel 


(Part Similarly the odd part (2) follows from (x) 


0 


: 
3 
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the other hand has been proved Riesz cit.) that 
extremal solution the S.M.P. (or the unique solution) 
then Parseval’s theorem applies all extension 
this which require the following: extremal 
solution the then Parseval’s theorem applies 


a 

fixed degree which not identically zero. Clearly (x) bounded 

and non-decreasing and the moments are given 


(r) ir) 


Thus the unique solution for given sequence (assuming 


such solution exists) then the unique solution for the 


interest recall that the determined the particular 


quite apart from the theory continued fractions, Hardy proved 


t 


will noticed that the uniqueness the moment problem 
0 


large positive Thus does not approach zero 

rapidly enough for Stieltjes C.F. corresponding 


F(z) diverges oscillation. But making the substitu- 


Stieltjes, Oeuvres Vol. pp. 518-520. 


Hardy, Stieltjes’ probléme des Messenger Mathe- 
matics., (1917), 175-182 (1917), 81-88. 
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that the second order C.F. for F(z) converges. general may 
remarked that the solution determined S.M.P. then 
the C.F. (2), with elements given (4) terms the moments, con- 

may not converge, being positive integer greater than unity. 
However, the order corresponding F(z) does converge this 
case. 


and shall show the sequel 


2.0 now state some properties the convergents Stieltjes 
C.F.’s which require. consider the expansions 

z+ b, (= we,(2) 


assumed convergent for z>0. Then have the recurrence 
relations 


(10) 


from which derive the determinantal relations 


The following abbreviated notation for alternant types determinants will 
used throughout 


A,(z;) B,(2s) C,(23) 


where any functional symbol cannot separated from its argument. 
Thus 


tied its suffix shall write 


| A,(%), B,(22), C;(z3) | 


A, (24) B,{z3) 


We 
‘ 
| 
ra 
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22+ 1 


X20 4 i (2), Ws +5 (2) | 2(z+-bo, at be, + s) 


v= l 


The relation between the even and odd convergents given 


r 0 


From (12) easily proved that 


t 
e=1 (14) 


2.1 The orthonormal polynomials. introduce the system 
where 


with recurrence relation 


and 
where the highest coefficient Clearly B,>0, for 


Moreover 


B,/A, = bo, B,/A, = b, (17) 


See Shohat, Stieltjes Continued American Journal Math., 
LIV. (1932), 79-84. 


; 
; 
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comparison with (11). also require 


fundamental identity. shall now prove identity 
which relates the generalised convergents 


consider 


where 


A=} a 1 


for with distinct roots, and 
=¢, 


But Part paragraph have 


k, s=0 


¢, = (—)" PA—21), ° Pron-i(— Zn) Pres 1(—2,), ee Pr+ n(—2n) (21) 


r 


applies the functions and giving, with respect 
the distribution function 


where 


a 
m 
| 
{ 
| 2 
| 
F 
FY 
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also write 


, n 
>» AyAnj = ~ 1 


and (24) gives the convergent the order C.F. for 
But from (19) 


dip(x) A, (r) = 1, 2, (25) 
j=0 


Hence from (24) 


(26) 


But since and the roots are distinct, have 


1 


Using (27) and (18) (26) have 


Jrin-1 Wer 2(2,) 2n ~ 2 (22) 


where 


n 


4 
9s = (—)* | 2 9° X28 (Zn) fil — Zn) 


3 m(— z f, (x) 
and (28) consists the ratio the determinant order and 
the determinant obtained from this deleting its first row and 
alternative (28) appears using the partial fraction 


2 
4 
fil 
an —2 Jl “ni 
le, 9 ©0004 
(28 
2 n 
td 
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form the elements the first column, and find 


(z, z,) 


y=1 


| 79 


1 2 n 


then (28) and (29) give expressions for terms and 


have m<n, then and may interchanged (28) 
and (29) yielding identity between two forms the numerator 

The confluent case (28) (29) general form complicated, 
but particular cases may obtained from first principles. Thus 
then the limiting form appears letting 
columns. The complication arises from the fact that and 


4.0 shall now consider generalised continued fraction ex- 


(i) convergent increasing sequences, 
(ii) convergent decreasing sequences, 
(iii) convergent sequences, 


(iv) convergent sequences involving arbitrary parameter. 
the main shall confine our attention second order C.F.’s for 


(29) 


a= | 
N 
| 
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4.1 Increasing sequences. (29) take 
and 


We,(2;) we,(Zs) 


where the expansion, view (22), increasing sequence. 
(12) this may written 


where use the abbreviation for limit the increasing 


F(z, | w =) X's, of? (31) 


dF(z) 
The general formula this type found similarly from (28) and 
gives 


z>0. 


particular example suppose that using (4) and equivalence trans- 
formation find the convergent expansion 


~ 


exp 


But the Stieltjes C.F for (it, diverges oscillation. 


: 
l 
| 
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There are course other forms increasing sequences for 
(30) seems the simplest this type. 


Decreasing sequences. When the roots z,, are distinct and 


have 


and after using (12) this leads to’ 


+ + 2r+l 


When will seen that the difference between 
corresponding convergents (30) and (34) 


s=1 (35) 
and this exceeds the absolute error either them. 
(28) (taking the limiting form with p), find 


X2r42(21) Wo, ,.2(2,) Woy 4 Wey 4 2(p) (p) 


~ ~ 


(36) 


“2 


means limit the decreasing sequence. 


4 
{ 
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particular p=0, then after using (12) and (13) find 


sel 
(37) 


Another interesting possibility use the expression 


s=1 Il’ (z, — 2,) (z, — z,) 


y= 


~ 
“1 


y=1 


Using (12) and (13) find after some simplification 


X2r4 1(23), we, 4 3(2s), W,4 3(2p) | + X2r4 Wo, 4 3(21), W2, .5(2p) | — 4 2p) b, 


| 4 1(2), w ,(22) | 


4.3 Convergent sequences. The approximations considered 

4.1 and 4.2 provide lower and upper bounds, but there are other 

approximations which merely converge. shall briefly consider 

four simple types, derived from (28) (29). 

Then F(z,, 


» + 2742 
(41) 


ey 
= ay 
x 
2 


SHENTON 


and find expression which exactly the same (30). This 
brings light interesting identity, for have the two expansions 


+ + 
~ ~ ~ — 


| Wo, +2(Z2) | + | Xorl2), 4.9(2,) | +2 


| 


The difference between corresponding convergents the two 
2r+1 


terms the persymmetric determinants! mentioned Part (a) 
this comes 


28+1 


There similar identity for the diagonal determinants given Part 


164 

} r 

= Ry + 1 

r 

| r+1 

where 


DETERMINANTAL EXPANSION FOR DEFINITE INTEGRAL 165 


follows the expansion 


+ 
and particular 


+ 
(46) 


F(z, 

find 


+ + 2r+2 


and particular 


F(z, z) = lim 0 48 
4.4 Expansions with arbitrary parameters. unusual type 
where assume and preal. Then 


+ 
for all real 
then 


+0, +z. 


(45) 


(47) 


(49) 


(51) 


Ls 
3 
: 
| 
(2 


166 SHENTON 


+ 27+2 
F(z) 


Calling the rth convergents (49) and (51) and (z, 
respectively, may consider the sequences {max p)} and 
{min p)} approximations F(z), assuming that stationary 


values exist. That such values exist seen from the following 
asymptotic expansions: 


2742 


evident from (54) that for large and negative (z, 
closer approximation F(z) than similarly for 
later part. 

indebted referee for several useful comments Parts 
and 
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Part Recurrence Relations 


Shenton 
(Received 17th December, 1954). 


develop here the recurrence relations for the generalised 
C.F.’s introduced Part (Shenton! 1956). the main the 
discussion will limited second order but results for higher 
orders will given when these are not complicated. 


shall give three forms recurrence relation, one involving 
recurrent determinants, and another corresponding the even and odd 
parts Stieltjes addition shall show how write down 
directly the recurrence relations for second order C.F. being given 
the first order C.F. Several numerical examples are given illus- 
tration. 


Stieltjes moment problem, and write 


0 


and for the contracted form 


F(z) 


shall refer the previous four papers this subject $3, and 
respectively. 
Stieltjes preferred write the C.F. the form 


which case the Stieltjes moment problem determined diverges, the being 
1 


positive. 


(2) 
— ig 
eee 
where 
t 
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The convergent (1) will written and that 
the notation the expression (2) becomes 


(3) 

minant order with elements ... along the diagonal through 
(1, and elements ... along the diagonals through (2, and 
2). 

The second order C.F. can 


24) (x + 29) K, (yo- Bos ay) 


Similarly the third order C.F. may expressed 


where 


and ay, along the diagonals through (3, and (1, The determinant 
Symmetric with elements five diagonals only, and may regarded 


diagonal through (1, 1), along the diagonals through and (1, 2), 


form g2neralised continuant. The extension the notation obvious. 
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develop the numerators and denominators (4a) and 
(5a) terms recurrent determinants require the following 
lemma. 


along the diagonal through (1, 3), along the diagonal 
through (1, 2), h,, ... along the diagonal through and on, 


j Ae Js hy, | 


hy, 


Delete the first and last rows and columns, and use the remaining 
array The result then follows. now deduce that 


(6) 


Applying (6) the numerator and denominator (4a) find 

(7) 
L el | 


along the superdiagonal, along the principal diagonal, along the 
subdiagonal, and on, will referred recurrent determinant, simply 
recurrent. expanding recurrent this form its last row, will seen that 
follows fourth order recurrence relation. Similarly recurrent with subdiagonals 


See for example Aitken, and Matrices (fourth edition, 
Edinburgh, 1946,), pp. 48-49. 
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* 
Bo, 


W,= K,-2| Bo, as ’ 


and the recurrents V,, follow the relation 


= V. = B,, = 0, 
W. = W,= 0, 2, 


the values a,, being given (4b). 

The approximant (z,, depends upon the six terms 
relation order four. Hence advance the approximation process 
one stage, necessary evaluate value each U,, V,, W,, 
and this will involve twelve calculations. shall show later 
section that V,, U,, (or equivalent expressions) 
follow recurrence relations order five, that there perhaps 
economy gained this method. 

decreasing sequence bounds may derived from the 
expression. 


x 


(9) 


and not difficult show that the difference between the 
approximations that arise from (9) and (4a) 


Bos 


(10) 


2.2 For third order C.F’s require the following extension 
the lemma: 


¥ 
i 
| | ao 
i 
7 
0 
pe 


DETERMINANTAL ExPANSION FOR CLASS DEFINITE INTEGRAL 171 


hy, 


The proof depends pivotal condensation methods and closely 
follows that the lemma. Each determinant the compound 


determinant (11) replaced compound determinant, using 
identities similar example 


(1) 
Q° 
find this way the relation 


(11) 


s s+1 


s-l 


e-l 


A=0 


(0) 


(12) 


Returning now (5a) derive from (12) expansion for 
third order C.F. terms recurrent determinants, namely 


0 
] 


7 


Wi = K, 


| 
3 
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(ii) = as, p* == B,, y* = > 0; 


a = 1, p* p*,=9, y* 


a,, being given (5b); 


(iii) the recurrents U,, V,, follow 


+B —44s—3 4 As _6 Ys-5 es As _7 Ys~6> 


W,=1, W,= W,=0, 


will seen that each the elements X,, occurring 
the convergent third order C.F. follows sixth order re- 
have perform general twenty-four calculations obtain each 
new approximation. Similarly for C.F. order associated with 
the function each approximation consists the 
ratio two order determinants, element either determinant 
consisting recurrent which satisfies recurrence relation order 
2n. general then each new approximation (z,, ..., will 
order shall consider these more general and 
the associated recurrence relations forthcoming paper. 


Fifth Order Recurrence Relation. 


3.1 now establish recurrence relation for the symmetric 
determinant Expand its last row and column. 


referee has indicated that the recurrence relation followed these two 


nth order determinants will general, little less owing the 


symmetry involved. Thus for third order C.F. the numerator and denominator 
the sth convergent will very likely satisfy recurrence relation order nineteen. 
Even this recurrence could found might well too complicated much 
value, and the method compound recurrent determinants seems have distinct 
advantage for C.F.’s order three more. 


i 
i 
i 

4 
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Then 
(14) 


For example, 


But expanding its last row, have 


Eliminating from (14) and (15), find 


Js-2 K, = (h9.-s —f.- K 


— fr2Gs-2 ) | + | (16) 


The recurrence relation (16) satisfied order five. 
slight modification the method employed here may 
shown that the recurrence relation for the asymmetric determinant 


context. 


x 
where 
; 
2 
3 
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There are three interesting special cases: 
(a) when (16) reduces 


determinant. 
(b) when (16) becomes 
which the recurrence relation for the product two continuants,” 
and indeed 
where 


shall treat the third example reducibility for turns 
out have several applications. 


applying (16) (4a) may write the second order 
C.F. 


F 2) => Ao (17) 
where K, (yes Bos a.) = II Qj, = Il a,, 


and follow the recurrence 


where and a,, ate given (4b), the initial 
values being 


= a, Yoo a, ay Vg = Yo v,=0, 


The result has been noted Muir, Proc. Edinburgh Math. Soc. 16-18. 


3 | 
4 
ip 
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3.3 illustration consider the fraction expansion, con- 


where 4), from which deduce the second order C.F. 
expansion 
where and follow 
and the initial values are 
For example, using (21) will found that 
The expansion indicated (20)-(21) not the same (apart from the 
approximations for the even part the hypergeometric 


Reducible Case the Fifth Order Recurrence Relation. 


4.1 The recurrence relation (16) reduces fourth order one 
when the C.F. (2) takes the special form 


z— — 


; 
~ ~ 
~ 
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(23) 

Now (23) may written 

®, (y) (y) 0, (24) 

(25) 


But easily verified that Hence from (25) 


Similarly will found that 
s-1 


= 


But since OPit follows that the recurrence for 


4-0 


Hence cannot zero for C.F. may ask the question 
then how the value (22) must restricted that for 
certain values and will true assert that 


2g % 4 


ane 
 & 
(26) 
: 
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can give this stage only partial answer this question. 
First refer the theory the Hamburger moment problem. Let 
the expansion descending powers F(z) 


>) 


and assume that 


s=0, (30) 


Then there exists unique bounded non-decreasing function 


All have now justify the Parseval expansion for 


n 


the argument being similar that used $4. turns out 
then, using the theorem Riesz (Shohat and Tamarkin, 
62) regarding the solution Hamburger moment 
problem, that under the conditions (30) have 


(31) 


provided addition for all real Again using 
(34) and (35) can set decreasing sequence upper 
bounds, the difference between corresponding approximants being 


A=0 


Secondly may possible justify (31) are given 


definite integral for the C.F. (22) the form and can 


a 


justify the application Parseval’s theorem $2. would 


See for example Shohat, and Tamarkin, J.D., The Problem Moments, 
and (New York American Mathematical Society, 1943). 


: 
apie 
Sr 
3 
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4 
f 
fe 
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some interest know what are the weakest restrictions the 
a’s (22) justify statement similar (31). 


4.2. now give several examples illustration. 
Let 
F(z) tan 


Moreover easily verified that that (30) satisfied. 


Hence with the appropriate value (26) and (28) have 


then 398, 499, 385, 800, 19, 896, 118, 681,110 where 


giving the lower bound 0-020, 029, 001, 243, 260, and 
using the corresponding upper bound turns out that the error 
this cannot exceed 1-6 


sinh 
each case the recurrence relation for (26) and that for 


Example has been indicated Stieltjes that 


may shown that the Hamburger moment problem determined 


See for example Perron, Die Lehre von den Kettenbriichen, 354, 
(Berlin, 1913). 


Correspondance Hermite Stieltjes, 360 (Paris, 1905). 


Wall, Continued Fractions, 366, Example (New York, 
1948). may also recall that the Hamburger moment problem 
» 


-=z 


; 

ay 

t 

cae 

Ag 
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the second order indicated (31) converge the corresponding 
value F(z,, 

zt +r 


(35) 


From can conclude that the second order C.F. con- 
verges for and indeed 


(x)dx 


where 

and the recurrence for exactly the same except that the factorial 


term omitted. The initial values are 


Recurrence Relation with Even and Odd Parts. 
5.1 For the C.F. given (1) there are recurrence relations 
corresponding the even and odd parts, namely 
(37) 
The question naturally arises whether there similar structure 
for higher order C.F.’s. give here the result for second order C.F, 
Starting with the form the denominator (4a) given (30) $4, 
have, assuming for the moment 


ee 
ice 
. 
T ’ 
i 
ere 
Dal, 
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say. Using (37) readily find that 


where 
Similarly 


and from (42) have 
from which, using (39) and (41), deduce 


5.2 Similarly from (37) follows that 


Thus 
and (39) and (41) appears that 
the derivation the recurrence (43) and (47) has 


been assumed that large enough avoid initial value idiosyn- 
crasies. Allowance being made for these finally have the theorem 


| 
{ +) 
| 
fe 
oe 
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the Stieltjes moment problem determined and 


then 


where 
ky = | k, = 2329 k, => 2472 bs b,), k. 0, 0, 
Vs = bb, 15, _ ob, = bb, 15, - 2b, gb, 4) 


may established that the ‘odd’ part arises from the 
second order associated with the integral the expression 


“2 
where taken the weight function. part the 
sequence, unlike that Stieltjes C.F., does not general provide 
set decreasing upper bounds, but there remarkable property 
which now consider. 


5.2 shall prove the following identities 


to, l — le, = 0, 2, 


ks, ke, 1 


where 


has been assumed throughout that but easily shown that the theorem 


{ 
(49a) 
(49b) 
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Introducing the expressions appearing (30) and (47) for 
have (z, 2,) 
be, 29) i(tos tog) (50) 


where 

Now since the right member (50) becomes 

and from which (49a) follows after The proof 


(49b) similar. now deduce the expansion, valid under the 
conditions the theorem (48), 

F(z, k. ( ) 
This the third type expansion for the other two, given 
earlier parts, being 


( 0 key 2 
(0) 
= B,, | U 2s+1 9 (53) 
ko, —1 ko, 
where 


The expansions (51)-(53) bear striking resemblance those for 
first order namely 


B, 


F(z)= (54) 
(55) 
(56) 
where 
The results (49) still hold and merely introduce the confluent 


4 
§ 
fog 
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Under the conditions set down §2, (55) gives increasing 
sequence (56) sequence and (54) enveloping 
provided real and positive. Correspondingly (52) gives increasing 
sequence and (53) converging sequence when and are complex 
conjugates with Wecan further than this. Suppose 
using the fact that the zeros are distinct and lie entirely 
and recalling that the degrees the highest terms 

lr 4s 0, < 0, 
Hence for follows from (49) that {/,} increasing 
sequence, whereas this not necessarily for Again 
suppose Then clearly positive. 
But known (see $4, (18)) that 


where orthogonal system with respect the weight 
the inequalities for the even denominators 


(59) 
lk 1 0, k,. 0. <-> b. 


The result given for the odd denominators may proved similar 
and (53) enveloping sequence. summary the various 
possibilities appears Table 


assumed now that are entirely real. 


a 
i 
At, 
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TABLE 


NATURE SERIES FOR SECOND ORDER 


SERIES 
Arguments (51) (52) (53) 


Numerical 


given lim where 


From Table the sequence enveloping. particular with 
the limit the convergents and the first twenty are shown 
Table 


TABLE 


--— k, 


| 
x 
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Example 


with 


and few values are stated Table 


TABLE 


0.541193 


Example From 


2 
__! 
0 
derive the C.F. for F(i:, iz) which write 
O(a, ) ra | r 4. ( 2 ) 
0 


where and follow 


oe, 
«| 


186 SHENTON 


with 


The sequence increasing and convergent. particular 
the coefficients the recurrence relations for are set out 
Table and they are read off from the penultimate row 
upwards. Thus, suppose have found the values for 


TABLE 
RECURRENCE COEFFICIENTS FOR 1). 


2880 12000 

240 400 600 

—144 —360 —2400 


sequence decreasing upper bounds made available from 
using the appropriate second order arising from 


The corresponding multipliers the recurrence formulae are, when 


18000 
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TABLE 
RECURRENCE COEFFICIENTS FOR (3, 1). 


Proceeding this way are led the approximations given 
Table which also includes similar ones for 2). 


TABLE 


AND LOWER BOUNDS FOR and (1, 2). 


0-612 0-653 
0-6200 0-6227 0-19946 
0-6209 0-6216 


(1) and (2) refer lower and upper bounds respectively. 


will noticed that the rate convergence for rather slow, 
and that after terms can only assert that 
For the situation better and twenty terms give accuracy 
the fourth decimal place. course could another 
set upper bounds using (10), merely adding 
however, there seems little improvement introduced this way. 
According Ser (1938) the values the integrals are 
(1, 


Conclusion. 


intend develop another occasion the expansion 


generalised using the compound determinants each 
element these determinants being recurrent. shall give two 


‘ 
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types recurrence formulae, and show that the evaluation the 
convergents C.F. any order can made practical 
proposition. 

would like put record appreciation some stimulating 
remarks, and criticisms, referee. 
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